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Abstract
Linear global modes are computed for round helium jets in air at low Reynolds number. The governing equations are formulated
in the limit of zero Mach number, and all parameters are chosen such as to model the experiments of Hallberg & Strykowski 1.
A single axisymmetric mode is found to become unstable beyond a critical Reynolds number value that depends on the initial
shear layer thickness. The neutral curve for linear global instability is traced as a function of these two parameters, and this result
compares favorably with the experimental reference measurements.
c© 2014 The Authors. Published by Elsevier B.V.
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1. Introduction
Light jets, i.e. jets of a light ﬂuid issuing into a denser ambient ﬂuid, are known to undergo a bifurcation to a
periodic ﬂow state, which represents a nonlinear global mode in the sense of Huerre & Monkewitz2. This behaviour
has clearly been observed experimentally in hot air jets3 as well as in helium-in-air jets4,1. The nonlinear global
instability in these conﬁgurations is known to be closely associated with the occurrence of a linear absolute instability
of the steady ﬂow state5,6,1,7. More recently, linear global instability studies of jet ﬂows have been conducted for
supersonic8 and for subsonic constant-density settings9,10, but an investigation of linear global instability in the pa-
rameter regimes of the above-cited experiments is still wanting. One unstable linear global mode of a light jet at zero
Mach number is discussed in the PhD thesis of Qadri11. The present paper provides a rigorous comparison between
critical parameters for nonlinear bifurcation, as measured by Hallberg & Strykowski1, and the onset of linear global
instability.
2. Problem statement
We consider laminar jets of pure helium in air, with ﬂow parameters corresponding to the experiments by Hallberg
& Strykowski1. Eﬀects of compressibility and buoyancy are supposed to be negligible. We therefore employ the low-
Mach-number approximation that has been formulated by McMurtry12, and which has been used in several recent jet
instability studies13,14,11, in the following form:
Dρ
Dt
= −ρ∇ · u , (1)
ρ
Du
Dt
= −∇p + 1
Re
[
∇2u + 1
3
∇(∇ · u)
]
, (2)
ρ
DY
Dt
=
1
Re S c
∇ · (ρ∇Y). (3)
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Fig. 1. Eigenvalue spectra of the Re = 360 and D/θ0 = 25 jet, obtained with two diﬀerent numerical box lengths xmax = 63 (◦) and xmax = 103 (+).
Density ρ and helium mass fraction Y are related as
Y =
ρ−1 − S
1 − S , (4)
where S = ρ jet/ρ∞ = 0.1429 is the density ratio between helium and air. The helium mass fraction is then unity
inside the jet at the nozzle, and zero in the pure ambient air. The Reynolds number is deﬁned as Re = UjR/ν, with the
jet volumetric velocity Uj, the jet radius R and kinematic viscosity ν. The Schmidt number is kept at S c = 1.69 for
helium.
The nonlinear equations (1–3) are discretized using the ﬁnite-element software FreeFEM++ on a domain that spans
over 0 ≤ r ≤ rmax and 0 ≤ x ≤ xmax in the radial and axial directions, respectively, in cylindrical coordinates (similar
as ﬁgure 1 in Garnaud et al.10). The domain represents half the cross-section of a cylinder. An axisymmetric steady
solution is obtained by Newton iteration. An inﬂow proﬁle is prescribed at x = 0, from where the ﬂow ﬁrst develops
inside a pipe over a streamwise distance of 3R, before it exits into the free ambient. At the end of the pipe, the jet
has an initial momentum thickness θ0. Consistent with the experimental reference1, this characteristic parameter is
reported as D/θ0 in the following, where D = 2R is the jet diameter. The Reynolds number and the proﬁle parameter
D/θ0 are the only parameters that are varied in this study.
The equations are then linearized around the base ﬂow, and perturbations q′ = (ρ′,u′, p)T are sought in the form of
temporal Fourier modes q′(x, r, t) = qˆ(x, r)e−iωt. The complex angular frequency ω is obtained as an eigenvalue of the
linear operator9. The imaginary part ωi is the temporal growth rate of the eigenmode, and the real part ωr is related
to the Strouhal number S t = f D/Uj as S t = ωr/π. The eigenvalue problem is solved using the implicitly restarted
Arnoldi method as implemented in Matlab. Full details on the numerical procedure for obtaining the steady base ﬂow
and the perturbation eigenmodes are given in Garnaud et al.9
3. Onset of linear global instability
Spectra obtained for a conﬁguration with Re = 360 and D/θ0 = 25 are shown in ﬁgure 1 for two diﬀerent numerical
domains of streamwise extent xmax = 63 (blue circles) and xmax = 103 (red crosses). One marginally stable mode with
S t = 0.293 is found in both cases. At higher Reynolds numbers and higher values of D/θ0, this mode crosses over into
the upper half plane and thereby becomes unstable. All other modes in ﬁgure 1 clearly are not converged with respect
to the size of the numerical domain. Only the converged eigenmode, which determines the global stability of the ﬂow,
will therefore be considered. Its spatial structure is displayed in ﬁgure 2; the colour contours show a snapshot of the
axial velocity perturbation. The perturbation amplitude attains its maximum near x = 24, and it decays by several
orders of magnitude before the downstream boundary (xmax = 63 or 103) is reached.
Similar spectra are computed for conﬁgurations with Reynolds numbers between 300 and 850, and for inﬂow
proﬁles with D/θ0 between 15 and 35. The neutral curve that separates the stable from the unstable regime is shown
in ﬁgure 3. Comparison with the experimentally measured critical parameters demonstrates that the present linear
analysis predicts the onset of nonlinear global instability with reasonable accuracy. Bifurcation in the experiments
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Fig. 2. Spatial structure of the marginally stable eigenmode: real part of axial velocity perturbation. Top frame: full distribution in r and z; bottom
frame: absolute values in logarithmic scale, extracted at r = 0.5.
Fig. 3. Marginally unstable parameter settings for a pure Helium jet. Experimental measurements by Hallberg & Strykowski 1 () and present
results of the linear analysis (•).
occurs systematically in conﬁgurations that are determined to be linearly slightly stable. This observation can be
interpreted as the result of low-level excitation of a slightly damped global mode by ambient noise in the experiments
(the “slightly damped oscillator” scenario proposed by Huerre & Monkewitz2).
4. Conclusions
A linear analysis of axisymmetric perturbation modes, resolved in both the axial and the radial direction, allows to
identify a global instability in pure helium jets. The critical values of Reynolds number and initial shear layer thickness
match the experimental results of Hallberg & Strykowski1 with adequate accuracy, considering that the studied jets
are very potent ampliﬁers of external noise. An important ﬁnding is that all modes, except the one responsible for the
onset of instability, are highly unconverged with respect to the numerical box length.
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The eﬀects of ﬁnite Mach and Richardson numbers (compressibility and buoyancy) have not been considered in
the present study. In the reference experiments, Mach numbers were below 0.1, and Richardson numbers below
0.005. Compressibility has been found to have a stabilizing eﬀect in a local sense5; the inﬂuence of buoyancy will be
assessed in future work.
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